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Abstract 
The Generalized Integral Representation Method (GIRM) for Space-Time-Separated Method (STSM) and 
Space-Time-Unified Method (STUM) are discussed. STSM and STUM give explicit and implicit time evolutions, 
respectively. The algorithm of STSM is much simpler than STUM. However, the implicit time evolution of 
STUM could give us much more efficient computation. Numerical calculations using STUM for Dirichlet and 
Neumann problems in 2D space-time are conducted using a Traditional Fundamental Solution (TFS). The results 
seem very satisfactory. However, in case of Neumann problem, the time increment must be smaller than in case 
of Dirichlet problem. 
 
1. Introduction 
There are two kinds of approaches to the time evolution of the initial-boundary value problems: 
(1) Space-Time-Separated Methods (STSM) 
(2) Space-Time-Unified Methods (STUM) 
In STSM, space and time treated separately. Concretely, the present time step predicts the time derivatives. The 
next time step is estimated explicitly using the time derivatives. In STUM, the next time step is estimated 
implicitly using the present time step. 
Historically, differential equations are used to obtain mathematical models. In order to obtain numerical 
solutions, we must discretize the differential equations. Finite Difference Method (FDM) is a strong solution that 
satisfies the differential equation point by point. The accuracy is very high. However, FDM can’t be applied to 
irregular mesh in general. If we wish to use irregular mesh, we must introduce the concept of weak solution such 
as Finite Element Method (FEM) that satisfies the differential equation averagely. Generally speaking, the weak 
solution is very flexible, but the accuracy is lower. Namely, the computational time is longer. 
On the other hand, if the differential expression is transformed into an integral expression, we can use an 
irregular mesh. Integral Representation Method (IRM) could use the irregular mesh and realize more flexible 
numerical method without sacrificing the accuracy. But, IRM is limited to the system of linear diff. equation with 
constant coefficients, since the Fundamental Solution (FS) is an analytical singular solution of the differential 
equation1,2). 
IRM is extended by the author to Generalized Integral Representation Method (GIRM)3,4,5). Generalized 
Fundamental Solution (GFS) is used in Generalized Integral Representation Method (GIRM). GFS is not 
required to satisfy the differential equation. Usually, element based methods require overall C0 continuity. GIRM 
does not require the inter-element continuity. This could make the mesh generation very flexible. 
 
2. Steady Diffusion Problem 
2D Steady Diffusion Problem 
For simplicity, we consider a 2D steady problem in a region  with the boundary   as shown in Fig. 1. Let 
the coordinates be ),( 21 xx  and ),( 21 xxC  refer to the concentration of a substance, temperature or something 
like that. A steady diffusion problem is given in an ordinary notation as 
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where  ),(),,( 212211 xxUxxU  and ),( 21 xx  are the advective velocity and diffusion constant, respectively. 
Functions ),( 21 xxf , ),( 21 xxa  and ),( 21 xxb  are given functions of the coordinates ),( 21 xx . 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 1. 2D region and boundary 
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We introduce a Generalized Fundamental Solution (GFS) ),( xG . In case of a conventional 
Fundamental Solution (FS), we require ),( xG  as a singular fundamental solution of a 
differential equation, for example (see Appendix A): 
)()()(),( 2211   xxxxG δ                           (5) 
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However, in case of GFS, we require only )2(C  continuity. 
Firstly, we obtain an Integral Representation of the basic equations (3) and (4) using GFS ),( xG : 
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where )(n  is the unit outward normal of )( . Substituting Eq. (4) into Eq. (7), we have 
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Eq. (8) is a Fredholm Integral Equation of the first kind with unknown )(xC . Namely, )(xC , )()( xxx   
can be determined solving Eq. (8). 
If the diffusion coefficient )(  is constant, we can use the conventional FS defined by Eq. (5). 
Substituting Eq. (6) into Eq. (8), we obtain 
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When )(xx   and )(xUi  is zero, Eq. (9) becomes 
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Eq. (14) is a Fredholm Integral Equation of the Second kind with unknown )(xC  on )(x . Namely, )(xC , 
)(xx   can be determined solving Eq. (11). )(xC , )(xx   can be obtained by Eq. (9). 
 
3. Unsteady Diffusion Problem 
3.1. 1D Unsteady Diffusion Problem 
For simplicity, we consider first a 1D (or 2D in space-time) unsteady problem in a region ),( LL   with the 
boundary Lx   as shown in Fig. 2. Let the space-time coordinates be ),( tx  and ),( txC  refer to the 
concentration of a substance. An unsteady advective diffusion problem is given as 
 
 4
 
Fig. 2. 2D space-time 
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Firstly, we obtain an Integral Representation of the basic equations (1), (2) and (3)6) using adjoint Generalized 
Fundamental Solution (GFS) ),,,(*  txG from 
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where GFS ),,,(  txG  and adjoint GFS ),,,(*  txG  satisfies the reverse causality: 
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In case of a Traditional Fundamental Solution (TFS) with const , we require ),,,(  txG  as a 
singular fundamental solution of a differential equation, for example (see Appendix B): 
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We rewrite Eq. (4) using integration by part. The each term in Eq. (4) becomes as follows: 
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Substituting Eq. (8) into Eq. (4), we have 
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Substituting Eqs. (2), (3) and (7b) into Eq. (9), we obtain 
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tLxGLCLaLbLLCLU
dtxGC
dd
txG
txGtxGUtxGC
dtxGC
txGCabCU
dtxGC
0
2
2
0
0
0
0
0
),,,(),(
),,,(),(),,,(),(
),,,(),(),,,(),(),,,(
),(
),,,(),(),(
),,,(),(),(),(),(),(),(
),,,(),(),(
),,,(),(),(),(),(),(),(
)0,,,()(
),,,(),(
),,,(),(),,,(),(),,,(),(
),,,(),(),(
),,,(),(),(),(),(),(),(
)0,,,()(0



























,         (10) 
where the integral limit T  is replaced by t  because of Heaviside function )( tH  in G , and . 
tGG    and xGG    are used. Eq. (10) is a Volterra-Fredholm Integral Equation with 
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unknown ),( txC . Namely, ),( txC , tLxL  0,  can be determined solving Eq. (10). 
If the diffusion coefficient ),( tx  is constant and TFS ),,,(  txG  given by Eq. (6) is used, we obtain 
  
  
 




































t L
L
t
L
L
dd
txG
x
txGUtxGUC
d
x
tLxGLCtLxGLCLaLbLCLU
x
tLxGLCtLxGLCLaLbLCLU
dtxGCtxCtx
0
0
0
),,,(),(
),,,(),(),,,(),(),(
),,,(),(),,,(),(),(),(),(),(
),,,(),(),,,(),(),(),(),(),(
)0,,,()(),(),(







,  (11) 
where 







otherwise0
}0,|),{(),(if21
}0,|),{(),(if21
}0,|),{(),(if1
),(
TtLxtxtx
tLxLtxtx
TtLxLtxtx
tx                        (12) 
Furthermore, if 0)( xU , we have 
 
 
 





















t L
L
t
L
L
ddtxG
d
x
tLxGLCtLxGLCLaLb
x
tLxGLCtLxGLCLaLb
dtxGCtxCtx
0
0
0
),,,(),(
),,,(),(),,,(),(),(),(
),,,(),(),,,(),(),(),(
)0,,,()(),(),(




,           (13) 
When Lx  , Eq. (13 ) becomes 
 
 
 





















t L
L
t
L
L
ddtxG
d
x
tLxGLCtLxGLCLaLb
x
tLxGLCtLxGLCLaLb
dtxGCtxC
0
0
0
),,,(),(
),,,(),(),,,(),(),(),(
),,,(),(),,,(),(),(),(
)0,,,()(),(
2
1




,           (14) 
Eq. (14) is a Volterra-Fredholm Integral Equation with unknown ),( txC , Lx  , 0t . Namely, ),( txC , 
Lx  , 0t  can be determined solving Eq. (14). ),( txC , LxL  , 0t  can be obtained by Eq. (13). 
 
3.2. 2D or 3D Space-Time Unsteady Diffusion Problem 
Now, we consider a nD (or (n+1)D in space-time) unsteady problem in a region  with the boundary   as 
shown in Fig. 3 for 3D space-time. Let the space-time coordinates be ),,,( 1 txx n  and ),,,( 1 txxC n  refer to 
the concentration of a substance. An unsteady advective diffusion problem is given as 
),(),(),(),( tx
x
txC
xx
txCU
t
txC
iii
i 








 , ),0(),( Ttx                     (15) 
),(),(),(
)(
),( txbtxCtxa
xn
txC 
 , ),0(),( Ttx                            (16) 
)()0,( 0 xCxC  , x                                      (17) 
 7
 
Fig. 3. 3D space-time 
 
Firstly, we obtain an Integral Representation of the basic equations (12), (13) and (14)6) using adjoint GFS 
),,,(*  txG : 




 ddtxG
CCUC
T
iii
i  


 








 0 )( )(),,,(*),(
),(),(),(),(),(0       (18) 
where GFS ),,,(  txG  and adjoint GFS ),,,(*  txG  satisfies the reverse causality: 
0),,,(  txG  when t  and 0),,,(*  txG  when t                    (19a) 
),,,(*),,,( txGtxG                                     (19b) 
In case of a Traditional Fundamental Solution (TFS) with 0iU , we require ),( xG  as a singular 
fundamental solution of a differential equation, for example: 
)()()()()(),,,(),,,( 11  
 txxtxtxG
t
txG
nnδ , ),0(),( 2  Rtx     (20a) 
  ),,,(*)())(4(||exp
))(4(
1),,,( 22 txGtHtxt
txG n                  (20b) 
and 
)()()()()(),,,(*),,,(* 11  
 txxtxtxG
t
txG
nnδ , ),0(),( 2 Rtx   (21a) 
),,,()(
)(4
||exp
))(4(
1),,,(*
2
2 txGtHt
x
t
txG n 

 




                  (21b) 
where n  is the number of space dimension, and )(tH  is Heaviside step function. 
We rewrite Eq. (18) using integration by part. The each term in Eq. (18) becomes as follows: 
 
  
 










T
TT
T
ddtxGCdtxGC
ddtxGCddtxGC
ddtxGC
0 )()(
0 )(0 )(
0 )(
)(),,,(*),()(),0,,(*)0,(
)(),,,(*),()(),,,(*),(
)(),,,(*),(










                  (22a) 










ddtxGUCddtxGCnU
ddtxGUCddtxGCU
ddtxGCU
T
i
iT
ii
T
i
iT
i
i
T
i
i
  
  
 










0 )(0 )(
0 )(0 )(
0 )(
)(),,,(*),(),()(),,,(*),(),(),(
)(),,,(*),(),()(),,,(*),(),(
)(),,,(*),(),(
  (22b) 
t   
x2  
x1  
n  
Ω  
Γ  
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






















ddtxGCdd
n
txGC
ddtxG
n
C
ddtxGC
ddtxGCddtxG
n
C
ddtxGCddtxGC
ddtxGC
T
ii
T
T
T
ii
T
i
T
T
ii
T
ii
T
ii
  
 
 
  
  
 





















































0 )(0 )(
0 )(
0 )(
0 )(0 )(
0 )(0 )(
0 )(
)(),,,(*),(),()(
)(
),,,(*),(),(
)(),,,(*
)(
),(),(
)(),,,(*),(),(
)(),,,(*),(),()(),,,(*
)(
),(),(
)(),,,(*),(),()(),,,(*),(),(
)(),,,(*),(),(
(22c) 
Substituting Eq. (22) into Eq. (18), we have 
 
 


















































T
iii
i
T
ii
dd
txG
txGtxGUtxGC
dd
n
txGC
txG
n
CCnU
dtxGC
0 )(
0 )(
)(
)(
),,,(*),(
),,,(*),(),,,(*),(),,,(*),(
)(
)(
),,,(*),(),(
),,,(*
)(
),(),(),(),(),(
)(),0,,(*)0,(0
















    (23) 
Substituting Eqs. (16), (17) and (21b) into Eq. (23), we obtain 
  
 
 











































t
iii
i
t
ii
dd
txG
txGtxGUtxGC
dd
n
txGC
txGCabCnU
dtxGC
0 )(
0 )(
)( 0
)(
),,,(),(
),,,(),(),,,(),(),,,(),(
)(
)(
),,,(),(),(
),,,(),(),(),(),(),(),(),(
)()0,,,()(0















 ,       (24) 
where the integral limit T  is replaced by t  because of Heaviside function )( tH  in G . Eq. (24) is a 
Volterra-Fredholm Integral Equation with unknown ),( txC . Namely, ),( txC , ),0()(),0()(),( TxTxtx   
can be determined solving Eq. (24). 
If the diffusion coefficient ),( tx  is constant and the fundamental solution (FS) ),,,(  txG  given by Eq. 
(20) is used, we obtain 
  
 
 






 















t
i
i
t
ii
ddtxGtxGUC
dd
n
txGC
txGCabCnU
dtxGCtxCtx
0 )(
0 )(
)( 0
)(),,,(),(),,,(),(),(
)(
)(
),,,(),(
),,,(),(),(),(),(),(),(
)()0,,,()(),(),(










           (25) 
where tGG    and ii xGG    are used, and ),( tx  is defined as 
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





otherwise0
),0(),(,or0andif21
),0(),(if1
),( TtxTtx
Ttx
tx                        (26) 
Furthermore, if 0),( txUi , we have 
 
 
 











t
t
ddtxG
dd
n
txGCtxGCab
dtxGCtxCx
0 )(
0 )(
)( 0
)(),,,(),(
)(
)(
),,,(),(),,,(),(),(),(
)()0,,,()(),()(







             (27) 
When ),0(),( Ttx  , Eq. (27) becomes 
 
 
 











t
t
ddtxG
dd
n
txGCtxGCab
dtxGCtxC
0 )(
0 )(
)( 0
)(),,,(),(
)(
)(
),,,(),(),,,(),(),(),(
)()0,,,()(),(
2
1







             (28) 
Eq. (28) is a Volterra-Fredholm Integral Equation with unknown ),( txC , ),0(),( Ttx  . Namely, ),( txC , 
),0(),( Ttx   can be determined solving Eq. (28). ),( txC , ),0(),( Ttx   can be obtained by Eq. (27). 
 
4. Numerical results 
4.1. 2D Space-Time Diffusion Problem 
4.1.1. Dirichlet Problem  
The boundary condition is given by 
),(),( txctxC  ,  Lx  ,  Tt 0 .                            (29) 
The integral representation is given by  
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
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The integral equation is given by 
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 
            (31b) 
Eq. (31) is a Simultaneous Volterra Integral Equation with unknown ),(  LC  . 
The exact solution of Dirichlet problem is given in Appendix C.1. 
Numerical parameters are as follows:  
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 20 ])8([exp)( LxxC  ,  0),( tx ,  0),(  tLc , 
05.0 ,  1L ,  04878.041 Ldx ,  0625.0dt .                  (32) 
The numerical results is shown in Fig. 4. The numerical result (C) shows a satisfactory agreement with the exact 
solution (Cex). 
 
  
(a) t = 0                                    (b) t = 0.5 
  
(c) t = 5.0                                    (b) t = 10.0 
Fig. 4. Numerical results of Dirichlet problem 
 
4.1.2. Neumann Problem 
The boundary condition is given by 
),(),( txb
x
txC 
 ,  TtLx  0, .                            (32) 
The integral representation is given by  
.0,
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)0,,,()(),(),(
0
0
0
TtLxL
ddtxG
d
x
tLxGLCtLxGLb
x
tLxGLCtLxGLb
dtxGCtxCtx
t L
L
t
L
L

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
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



                    (33) 
The integral equation is given by  
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
              (34a) 
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
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             (34b) 
Eq. (34) is a Simultaneous Volterra Integral Equation with unknown ),( LC  . 
The exact solution of Neumann problem is given in Appendix C.2. 
Numerical parameters are as follows:   20 ])8([exp)( LxxC  ,  0),( tx ,  0),(  tLb , 
05.0 ,  1L ,  161M ,  01242.02  MLdx ,  005.0dt .              (35) 
The numerical results is shown in Fig. 5. The numerical result (C) shows a satisfactory agreement with the exact 
solution (Cex). The time increment  dt  should be taken smaller for Neumann problem than for Dirichlet 
problem. When time t  is small, M  should be big. On the contrary, when t  is big, small M  stabilizes the 
calculation. 
 
  
(a) t = 0                                    (b) t = 0.8 
  
(c) t = 1.6                                    (b) t = 3.2 
Fig. 5. Numerical results of Neumann problem 
 
5. Conclusions 
 (1) We have discussed on the Generalized Integral Representation Method (GIRM) for Space-Time-Separated 
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Method (STSM) and Space-Time-Unified Method (STUM).  
(2) STSM and STUM give explicit and implicit time evolutions, respectively.  
(3) The algorithm of STSM is much simpler than STUM. However, the implicit time evolution could give us 
much more efficient computation.  
(4) We have conducted numerical calculations using STUM for Dirichlet and Neumann problems in 2D 
space-time. We used a Traditional Fundamental Solution (TFS). The results seem very satisfactory.  
(5) However, in case of Neumann problem, the time increment becomes much smaller than in case of Dirichlet 
problem.  
(6) We have studied the reason. This property may be explained by the nature of the Traditional Fundamental 
Solution (TFS) used for the numerical calculations.  
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Appendix A. A Fundamental Solution for Differential Operator   Used for Steady Diffusion Problem 
 
A fundamental solution ),,( 21 txxG  having the singularity at 01  txx is defined as 
)()(),(),( 212
2
21
2
2
1
21
2
xx
x
xxG
x
xxG 

 , 221 ),( Rxx                       (A1) 
Eq. (A1) can be written in polar coordinates: 
cos1 rx  ,  sin2 rx                                 (A2) 
as 
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
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




G
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                               (A3) 
A singular solution having the lowest singularity: 
rG ln
2
1
                                      (A4) 
is the fundamental, since G  satisfies Eq. (A1) because 
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               (A5) 
 
Appendix B. A Fundamental Solution for Differential Operator  t  Used for Unsteady Diffusion 
Problem 
 
A fundamental solution ),,( 21 txxG  having the singularity at 01  txx is defined as 
)()()(),,(),,(),,( 212
2
21
2
2
1
21
2
21 txx
x
txxG
x
txxG
t
txxG  






                   (B1) 
Fourier transforms with respects to 1x  and 2x  are given by 
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    212121 2211),(21),,(ˆ dxdxexxGtkkG xikxik                        (B2a) 
    212121 2211),(ˆ21),,( dkdkekkGtxxG xikxik                        (B2b) 
Operating     22112121 xikxikedxdx  to the both sides of Eq. (B1), we obtain 
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2
1),,(ˆ)(),,(
ˆ
21
2
2
2
1
21 ttkkGkk
t
tkkG  
                         (B3) 
From Eq. (B3), we obtain  tkktHtkkG )(exp)(
2
1),,(ˆ 22
2
121                              (B4) 
Using Eq. (B2b), we have 
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Since an integral formula gives us 
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We derive 

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Appendix C. Exact Solution of Diffusion Problem 
C.1. Dirichlet Problem 
The initial-boundary problem of Drichlet problem is given by 
2
2 ),(),(
x
txC
t
txC


  , TtLxL  0, ,                        (C1) 
)(),( tgtLC L , Tt 0 ,                               (C2) 
)()0,( 0 xCxC  , LxL  .                              (C3) 
We assume 
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where 
  111)1(2  mm
m
La  .                              (C6) 
Substituting Eq. (C4) and (C5) into Eq. (C1), we have 
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From Eq. (C7), we obtain 
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From Eqs. (C3), (C4) and (C5), we have 
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 14
Let )(0 xC  be 

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0 )(2
sin)(  ,                            (C10) 
where 
  LLm dxLxLmxCLc )(2sin)(1 0  .                         (C11) 
From Eqs. (C9) and (C10), the initial condition of Eq. (C8) is given by 
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Then, the solution of Eqs. (C8) and (C12) is given by 
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C.2. Neumann Problem 
The initial-boundary problem of Newmann problem is given by 
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and 2nm  when 0 mn , 1  otherwise. 
Substituting Eq. (C18) and (C19) into Eq. (C15), we have 
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From Eq. (C21), we obtain 
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From Eqs. (C17), (C18) and (C19), we have 
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From Eqs. (C23) and (C24), the initial condition of Eq. (C22) is given by 
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Then, the solution of Eqs. (C22) and (C26) is given by 
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